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                \begin{document}$(Y, \Sigma, \nu)$\end{document}$ be a *σ*-finite measure space, and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{0}(Y)$\end{document}$ denote the space of *ν*-measurable functions defined and being finite a.e. on *Y*. A Banach subspace $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(E, \Vert \cdot \Vert )$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{0}(Y)$\end{document}$ is a Banach lattice (Banach function space) on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(Y, \Sigma, \nu)$\end{document}$ if, for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in E$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y \in L^{0}(Y)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\vert y \vert \leq \vert x \vert $\end{document}$, *ν*-a.e., it follows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y\in E$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Vert y \Vert \leq \Vert x \Vert $\end{document}$.

Moreover, the 'convexification' of *E*, denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E^{p}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$-\infty < p<\infty$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\neq0$\end{document}$ consists of all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in L^{0}(Y)$\end{document}$ satisfying $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert x \Vert _{E^{p}}:= \bigl( \bigl\Vert \vert x \vert ^{p} \bigr\Vert _{E} \bigr)^{\frac{1}{p}} < \infty. $$\end{document}$$ For the case $\documentclass[12pt]{minimal}
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Some classical inequalities are known to hold also in the frame of such Banach lattice norms. See, for example, \[[@CR1]\] and \[[@CR2]\].

It is also known that some classical inequalities for finite many functions (like those of Hölder and Minkowski) can be generalized to hold for continuous (infinitely) many functions. For such results in $\documentclass[12pt]{minimal}
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                \begin{document}$l_{p}$\end{document}$ -spaces, we refer the reader to the recent article \[[@CR3]\] and the references therein. We proved there the continuous versions of Popoviciu's and Bellman's inequalities.

However, there exists a generalization of Hölder's inequality in both of these directions simultaneously, see \[[@CR4]\] and also Lemma [2.2](#FPar2){ref-type="sec"}.

The main aim of this paper is to initiate a more consequent study of classical inequalities in this more general frame. Some known results of this type which we need in this paper can be found in our Section [2](#Sec2){ref-type="sec"}. We now shortly discuss some elementary forms of the inequalities we consider to generalize as new contributions in this paper.
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*A. Popoviciu's inequality*: Let $\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] & \biggl(c_{1}^{p}- \int_{Y}f^{p}(y) \,d\nu(y) \biggr)^{\frac{1}{p}} \biggl(c_{2}^{q}- \int _{Y}g^{q}(y) \,d\nu(y) \biggr)^{\frac{1}{q}} \\ &\quad \leq c_{1}c_{2}- \int_{Y}f(y)g(y) \,d\nu(y). \end{aligned} $$\end{document}$$

For more general forms, see, e.g., Theorem [3.3](#FPar10){ref-type="sec"} which in particular shows that '\>' in the assumptions of ([1.1](#Equ1){ref-type=""}) and ([1.2](#Equ2){ref-type=""}) can be replaced by '≥'. Some continuous forms of ([1.1](#Equ1){ref-type=""}) and ([1.2](#Equ2){ref-type=""}) were recently proved in \[[@CR3]\].

In Section [3](#Sec3){ref-type="sec"} of this paper we present, prove and apply our main results concerning Popoviciu's inequality (see Theorems [3.1](#FPar7){ref-type="sec"} and [3.3](#FPar10){ref-type="sec"}).

*B. Bellman's inequality*: The original form of Bellman's inequality reads (see \[[@CR6]\] and also \[[@CR7]\]): If $\documentclass[12pt]{minimal}
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                \begin{document}$$ \Biggl(c_{1}^{p}-\sum _{i=1}^{n}a_{i}^{p} \Biggr)^{\frac{1}{p}}+ \Biggl(c_{2}^{p}-\sum _{i=1}^{n}b_{i}^{p} \Biggr)^{\frac{1}{p}}\leq \Biggl((c_{1}+c_{2})^{p} -\sum_{i=1}^{n}(a_{i}+b_{i})^{p} \Biggr)^{\frac{1}{p}}. $$\end{document}$$

There is also a more general integral form of this inequality, namely: If $\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] &\biggl(c_{1}^{p}- \int_{Y}f^{p}(y) \,d\nu(y) \biggr)^{\frac{1}{p}}+ \biggl(c_{2}^{p}- \int _{Y}g^{p}(y) \,d\nu(y) \biggr)^{\frac{1}{p}} \\ &\quad \leq \biggl((c_{1}+c_{2})^{p} - \int _{Y}\bigl(f(y)+g(y)\bigr)^{p} \,d\nu(y) \biggr)^{\frac{1}{p}}, \end{aligned} $$\end{document}$$ which holds under proper conditions. For more general forms, see, e.g., Theorem [4.3](#FPar19){ref-type="sec"}. Also here our result shows in particular that '\>' in the assumptions of ([1.3](#Equ3){ref-type=""}) and ([1.4](#Equ4){ref-type=""}) can be replaced by '≥'. Some continuous forms of ([1.3](#Equ3){ref-type=""}) and ([1.4](#Equ4){ref-type=""}) were recently proved in \[[@CR3]\].

Our main results related to this inequality are proved and discussed in Section [4](#Sec4){ref-type="sec"}. We remark that obviously Popoviciu's and Bellman's inequalities may be regarded as a type of reversed inequalities of Hölder's and Minkowski's inequalities, respectively.

*C. Beckenbach-Dresher's inequality*: In its most elementary form it reads: If $\documentclass[12pt]{minimal}
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In Section [5](#Sec5){ref-type="sec"} of the present paper, we derive a new version of ([1.5](#Equ5){ref-type=""}) which is both 'continuous' (containing infinitely many functions, e.g., sequences) and involving Banach lattice norms (see Theorem [5.1](#FPar22){ref-type="sec"}). Moreover, we also derive a type of reversed inequality of the same general form (see Theorem [5.4](#FPar26){ref-type="sec"}). Finally, Section [6](#Sec6){ref-type="sec"} is reserved for some concluding remarks and results. Especially, we present new Popoviciu's inequality in the case of infinite interpolation families (see Theorem [6.1](#FPar28){ref-type="sec"}), and the connection to Milne's inequality is pointed out (see Section [6.2](#Sec8){ref-type="sec"}).

Preliminaries {#Sec2}
=============
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                \begin{document}$E''$\end{document}$ denotes the second associate space of *E*.

We need the following simple generalization of Hölder's inequality.

Lemma 2.1 {#FPar1}
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A simple proof of this lemma in an even general symmetric form can be found in \[[@CR1]\], p. 369.

We also need the following more general form of Hölder's inequality (both continuous and involving Banach function norms).

Lemma 2.2 {#FPar2}
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                \begin{document}$$ \biggl\Vert \exp \biggl( \int_{0}^{b} \log \bigl(f(x,y)\bigr) u(x) \,dx \biggr) \biggr\Vert _{E^{p}}\leq\exp ( \int_{0}^{b} \log \Vert f\bigl(x,y \Vert _{E^{p(x)}} u(x) \,dx \bigr). $$\end{document}$$

A proof of this result can be found in \[[@CR4]\].

We note that ([2.3](#Equ8){ref-type=""}) is an inequality between generalized geometric means. We also need the following inequality.

Lemma 2.3 {#FPar3}
---------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g(x)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u(x)$\end{document}$ *be positive and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\int _{X}u(x) \,d\mu(x)=1$\end{document}$. *Then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{gathered} \exp \biggl[ \int_{X} \log\bigl(f(x)\bigr) u(x) \,d\mu(x) \biggr]+\exp \biggl[ \int_{X} \log \bigl(g(x)\bigr) u(x) \,d\mu(x) \biggr] \\ \quad \leq\exp \biggl[ \int_{X} \log \bigl(f(x)+g(x)\bigr) u(x) \,d\mu(x) \biggr]. \end{gathered} $$\end{document}$$

See, e.g., \[[@CR9]\]. Another proof can be done by just using reversed form of suitable generalizations of Beckenbach-Dresher's inequality with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p=\alpha/ (\alpha-\beta) $\end{document}$ and letting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha,\beta\rightarrow 0$\end{document}$ in the corresponding generalized Gini-means $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G(\alpha,\beta)$\end{document}$.

We also need the following analogous version of Minkowski's inequality.

Lemma 2.4 {#FPar4}
---------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E=E''$\end{document}$, *let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\geq1$\end{document}$. *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x,y)\geq0$\end{document}$ *on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X\times Y$\end{document}$, *then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \biggl\Vert \int_{X} f(x,y) \,dx \biggr\Vert _{E^{p}}\leq \int_{X} \bigl\Vert f(x,y) \bigr\Vert _{E^{p}} \,dx $$\end{document}$$ *or*, *equivalently*, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \biggl\Vert \biggl( \int_{X} f(x,y) \,dx \biggr)^{p} \biggr\Vert _{E}^{\frac{1}{p}}\leq \int_{X} \bigl\Vert f^{p}(x,y) \bigr\Vert _{E}^{\frac{1}{p}} \,dx. $$\end{document}$$

Since E has the Fatou property and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\geq1$\end{document}$, we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E^{p}$\end{document}$ has the Fatou property, i.e., it is a perfect space, and the proof can be found in \[[@CR10]\], Chapter 2. Note that in the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E=L_{1}(Y)$\end{document}$ this is just the classical integral Minkowski inequality.

Remember that the Banach lattice *E* is *p*-convex or *q*-concave if there exists a positive constant *M* such that, for every finite set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x_{1}, x_{2}, \ldots, x_{n}$\end{document}$ of elements in *E*, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Biggl\Vert \Biggl(\sum_{i=1}^{n} \vert x_{i} \vert ^{p}\Biggr)^{1/p} \Biggr\Vert _{E}\leq M\Biggl(\sum_{i=1}^{n} \Vert x_{i} \Vert _{E}^{p} \Biggr)^{1/p}, $$\end{document}$$ or $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Biggl(\sum_{i=1}^{n} \Vert x_{i} \Vert _{E}^{q}\Biggr)^{1/q}\leq M \Biggl\Vert \Biggl(\sum_{i=1}^{n} \vert x_{i} \vert ^{q}\Biggr)^{1/q} \Biggr\Vert _{E}, $$\end{document}$$ respectively.

The smallest *M* satisfying the corresponding inequality is called constant of *p*-convexity, respectively, of *q*-concavity.

In \[[@CR11]\] the following fact appears: Let *ρ* and *λ* be function norms with the Fatou property and assume that there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\leq p \leq\infty$\end{document}$ such that *ρ* is p-convex and *λ* is p-concave. Then there exists a constant C such that, for all measurable $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x, y)$\end{document}$, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \rho(\lambda\bigl(f(x,\cdot)\bigr) \leq C\lambda(\rho\bigl(f( \cdot,y)\bigr). $$\end{document}$$

If we take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho(h)$\end{document}$ to be $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\int_{X} h(x) \,dx$\end{document}$ which is 1-convex with constant of convexity equal to 1 and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda= \Vert \, \Vert _{E}$\end{document}$, where *E* is 1-concave with constant of concavity equal to *M*, and follow the part of the proof of ([2.6](#Equ11){ref-type=""}) in which the constant of convexity of the norm $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho(\cdot)$\end{document}$ is equal to 1, we find that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ M \biggl\Vert \int_{X}f(x,\cdot) \,dx \biggr\Vert _{E} \geq \int_{X} \bigl\Vert f(x,\cdot) \bigr\Vert _{E} \,dx. $$\end{document}$$

Lemma 2.5 {#FPar5}
---------

*If* *E* *has the Fatou property and is* 1-*concave with constant of concavity equal to* *M*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p<1 $\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\neq0$\end{document}$, *then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ M \biggl\Vert \int_{X} f(x,y) \,dx \biggr\Vert _{E^{p}}\geq \int_{X} \bigl\Vert f(x,y) \bigr\Vert _{E^{p}} \,dx. $$\end{document}$$

Proof {#FPar6}
-----

We follow the idea in the proof of Theorem [4.1](#FPar16){ref-type="sec"}.b) in \[[@CR1]\] by using Lemma [2.1](#FPar1){ref-type="sec"}. In details, using Theorem [3.1](#FPar7){ref-type="sec"} b) from \[[@CR1]\] and ([2.7](#Equ12){ref-type=""}), we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}& M \biggl\Vert \int_{X} f(x,y) \,dx \biggr\Vert _{E^{p}}\\ &\quad = \inf _{ \Vert z \Vert _{E^{q}}=1} M \biggl\Vert \int_{X} f(x,y)z \,dx \biggr\Vert _{E} \\ &\quad \geq \inf_{ \Vert z \Vert _{E^{q}}=1} \int_{X} \bigl\Vert f(x,y)z \bigr\Vert _{E} \,dx\geq \int_{X}\inf_{ \Vert z \Vert _{E^{q}}=1} \bigl\Vert f(x,y)z \bigr\Vert _{E} \,dx= \int_{X} \bigl\Vert f(x,y) \bigr\Vert _{E^{p}} \,dx. \end{aligned} $$\end{document}$$ Here, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$q=p/(p-1)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$z=z(y) \in E^{q}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$z(y)> 0$\end{document}$. □

Popoviciu type inequalities involving Banach function norms {#Sec3}
===========================================================

Our first main result reads as follows.

Theorem 3.1 {#FPar7}
-----------

*Let* *E* *be a Banach function space such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E''=E $\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< b\leq\infty$\end{document}$. *Let* *p* *be defined by* ([2.2](#Equ7){ref-type=""}) *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\int _{0}^{b}u(x) \,dx=1$\end{document}$. *If* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x,y)$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p(x)$\end{document}$ *are positive and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{0}(x)> \Vert f(x,y) \Vert _{E^{p(x)}} >0$\end{document}$, *then* $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$ \begin{gathered}[b] \exp \biggl( \int_{0}^{b} \log\bigl(f_{0}(x)\bigr) u(x) \,dx \biggr)- \biggl\Vert \exp \biggl( \int_{0}^{b} \log\bigl(f(x,y)\bigr)u(x) \,dx \biggr) \biggr\Vert _{E^{p}} \\ \quad {}-\exp \biggl[ \int_{0}^{b} \log \bigl(f_{0}(x)- \bigl\Vert f(x,y) \bigr\Vert _{E^{p(x)}} \bigr)u(x) \,dx \biggr]\geq0, \end{gathered} $$\end{document}$$ *provided that all integrals which occur in* ([3.1](#Equ14){ref-type=""}) *exist*.

Proof {#FPar8}
-----

We use Lemma [2.3](#FPar3){ref-type="sec"} with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X=[0,b)$\end{document}$, $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x)=f_{0}(x)- \Vert f(x,\cdot) \Vert _{E^{p(x)}}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g(x)= \Vert f(x,\cdot) \Vert _{E^{p(x)}}$\end{document}$ and find that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \exp \biggl( \int_{0}^{b} \log\bigl(f_{0}(x)\bigr) u(x) \,dx \biggr)&\geq\exp \biggl( \int _{0}^{b} \log\bigl( \bigl\Vert f(x,\cdot) \bigr\Vert _{E^{p(x)}}\bigr)u(x) \,dx \biggr) \\ &\quad {}+\exp \biggl[ \int_{0}^{b} \log \bigl(f_{0}(x)- \bigl\Vert f(x,\cdot) \bigr\Vert _{E^{p(x)}} \bigr)u(x) \,dx \biggr]. \end{aligned} $$\end{document}$$ Next we use Lemma [2.2](#FPar2){ref-type="sec"} to conclude that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\exp \biggl( \int_{0}^{b} \log\bigl( \bigl\Vert f(x,\cdot) \bigr\Vert _{E^{p(x)}}\bigr)u(x) \,dx \biggr)\geq \biggl\Vert \exp \biggl( \int_{a}^{b} \log\bigl(f(x,y)\bigr)u(x) \,dx \biggr) \biggr\Vert _{E^{p}}. $$\end{document}$$ We combine the above two inequalities and obtain ([3.1](#Equ14){ref-type=""}). The proof is complete. □

Example 3.2 {#FPar9}
-----------

\(a\) Applying Theorem [3.1](#Equ14){ref-type=""} with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E=L_{1}(Y,v )$\end{document}$, we find that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{gathered} \exp \biggl( \int_{0}^{b} \log\bigl(f_{0}(x)\bigr) u(x) \,dx \biggr) \\ \qquad {}- \biggl\{ \int_{Y} \biggl[\exp \biggl( \int_{0}^{b} \log\bigl(f(x,y)\bigr)u(x) \,dx \biggr) \biggr]^{p} v(y) \,dy \biggr\} ^{\frac{1}{p}} \\ \quad \geq\exp \biggl[ \int_{0}^{b} \log\biggl(f_{0}(x)- \biggl( \int_{Y} f^{p(x)}(x,y)v(y) \,dy \biggr)^{\frac{1}{p(x)}} \biggr)u(x) \,dx \biggr], \end{gathered} $$\end{document}$$ which in the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p(x)\equiv1$\end{document}$ was proved in \[[@CR3]\].

\(b\) If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p(x)\equiv1$\end{document}$, then ([3.1](#Equ14){ref-type=""}) reads $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] &\exp \biggl( \int_{0}^{b} \log \bigl(f_{0}(x) \bigr)u(x) \,dx \biggr)- \biggl\Vert \exp \biggl( \int_{0}^{b} \log\bigl(f(x,y) \bigr)u(x) \,dx \biggr) \biggr\Vert _{E} \\ &\quad {} -\exp \biggl[ \int_{0}^{b} \log \bigl(f_{0}(x)- \bigl\Vert f(x,y) \bigr\Vert _{E} \bigr)u(x) \,dx \biggr]\geq0, \end{aligned} $$\end{document}$$ which in the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E=L_{1}(Y)$\end{document}$ was proved in \[[@CR3]\].

Next we state the following complementary result.

Theorem 3.3 {#FPar10}
-----------

*Let* *E* *be a Banach function space*, *let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \begin{document}$p,q\neq0$\end{document}$, *where* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$p\geq1$\end{document}$. *If* $\documentclass[12pt]{minimal}
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                \begin{document}$c_{1}^{p}- \Vert f^{p} \Vert _{E}\geq0$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$c_{2}^{q}- \Vert g^{q} \Vert _{E}\geq0$\end{document}$, *then* $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ c_{1}c_{2}- \Vert fg \Vert _{E} - \bigl(c_{1}^{p}- \bigl\Vert f^{p} \bigr\Vert _{E}\bigr)^{1/p} \bigl(c_{2}^{q}- \bigl\Vert g^{q} \bigr\Vert _{E}\bigr)^{1/q}\geq0. $$\end{document}$$*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{upgreek}
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                \begin{document}$\Vert g^{q} \Vert _{E}>0$\end{document}$, $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$c_{2}^{q}- \Vert g^{q} \Vert _{E}>0$\end{document}$, *then reverse inequality* ([3.3](#Equ16){ref-type=""}) *holds*.*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p<0$\end{document}$. *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Vert f^{p} \Vert >0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{1}^{p}- \Vert f^{p} \Vert _{E} >0$\end{document}$, *then reverse inequality* ([3.3](#Equ16){ref-type=""}) *holds*.

Proof {#FPar11}
-----

\(a\) Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p,q>0$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{1}^{p}- \Vert f^{p} \Vert _{E}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g_{0}^{q}- \Vert g^{q} \Vert _{E}$\end{document}$ be strictly positive. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X_{1} \cup X_{2}=[0,b)$\end{document}$, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X_{1} \cap X_{2}$\end{document}$ be empty, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\int_{X_{1}}u(x) \,dx =\frac {1}{p}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\int_{X_{2}}u(x) \,dx =\frac{1}{q}$\end{document}$. We can get the result like a corollary from inequality ([3.2](#Equ15){ref-type=""}), by taking $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{0}(x)=c_{1}^{p}$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in X_{1}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{0}(x)=c_{2}^{q}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x,y)=f^{p}(y)$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in X_{1}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x,y)=g^{q}(y)$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in X_{2}$\end{document}$.

If, for instance, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{1}^{p}- \Vert f^{p} \Vert _{E}=0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g_{0}^{q}- \Vert g^{q} \Vert _{E}\geq0$\end{document}$, we have to show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{1}c_{2}\geq \Vert fg \Vert $\end{document}$. For this purpose we just use Lemma [2.1](#FPar1){ref-type="sec"}, namely $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert fg \Vert _{E}\leq \bigl\Vert f^{p} \bigr\Vert _{E}^{\frac{1}{p}} \bigl\Vert g^{q} \bigr\Vert _{E}^{\frac{1}{q}}\leq c_{1}c_{2}. $$\end{document}$$

\(b\) The case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< p<1$\end{document}$ can be treated by using the same Lemma [2.1](#FPar1){ref-type="sec"}, which says that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert fg \Vert _{E}\geq \bigl\Vert f^{p} \bigr\Vert _{E}^{\frac{1}{p}} \bigl\Vert g^{q} \bigr\Vert _{E}^{\frac{1}{q}} $$\end{document}$$ in this case. If we put $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x=\bigl(c_{1}^{p}- \bigl\Vert f^{p} \bigr\Vert _{E}\bigr)^{1/p}, y=\bigl( \bigl\Vert f^{p} \bigr\Vert _{E}\bigr)^{1/p}, z= \bigl(g_{0}^{q}- \bigl\Vert g^{q}\bigr) \bigr\Vert _{E}^{1/q}, t=\bigl( \bigl\Vert g^{q} \bigr\Vert _{E} \bigr)^{1/q}, $$\end{document}$$ we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$yt\leq \Vert fg \Vert _{E}, $$\end{document}$$ which together with Hölder's inequality $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$xz+yt\geq\bigl(x^{p}+y^{p}\bigr)^{\frac{1}{p}} \bigl(z^{q}+t^{q}\bigr)^{\frac{1}{q}} $$\end{document}$$ gives us the wanted inequality.

\(c\) The case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p<0$\end{document}$ can be proved similarly (just interchange the roles of *f* and *g* and *p* and *q*, respectively). □

Remark 3.4 {#FPar12}
----------

Note that Theorem [3.3](#FPar10){ref-type="sec"} in particular means that inequalities ([1.1](#Equ1){ref-type=""}) and ([1.2](#Equ2){ref-type=""}) hold also if '\>' in these inequalities are replaced by '≥'.

We also state a generalization of Theorem [3.3](#FPar10){ref-type="sec"}(a).

Corollary 3.5 {#FPar13}
-------------

*Let* *E* *be a Banach function space*, *let* *f*, *g*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{1}^{p}- \Vert f^{p} \Vert _{E^{r}}\geq0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{2}^{q}- \Vert g^{q} \Vert _{E^{s}}\geq0$\end{document}$, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p,q,r,s>0 $\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{1}{pr}+\frac{1}{qs}=1$\end{document}$. *Then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ c_{1}c_{2}- \Vert fg \Vert _{E} - \bigl(c_{1}^{p}- \bigl\Vert f^{p} \bigr\Vert _{E^{r}}\bigr)^{1/p} \bigl(c_{2}^{q}- \bigl\Vert g^{q} \bigr\Vert _{E^{s}}\bigr)^{1/q}\geq0. $$\end{document}$$

Proof {#FPar14}
-----

In the case when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{1}^{p}- \Vert f^{p} \Vert _{E}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g_{0}^{q}- \Vert g^{q} \Vert _{E}$\end{document}$ are strictly positive, we can get like corollary from Theorem [3.1](#Equ14){ref-type=""}. First we take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u(x)=1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$d\mu(x)= dx$\end{document}$ and, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\int_{0}^{b}\frac{1}{p(x)} \,dx=1$\end{document}$, we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{gathered}[b] \exp \biggl( \int_{0}^{b} \log\bigl(f_{0}(x)\bigr) \,dx \biggr)- \biggl\Vert \exp \biggl( \int_{0}^{b} \log\bigl(f(x,y) \bigr) \,dx \biggr) \biggr\Vert _{E} \\ \quad {}-\exp \biggl[ \int_{0}^{b} \log \bigl(f_{0}(x)- \bigl\Vert f(x,y) \bigr\Vert _{E^{p(x)}} \bigr) \,dx \biggr]\geq0. \end{gathered} $$\end{document}$$ Then we take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{0}(x)=c_{1}^{p}$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in X_{1}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{0}(x)=c_{2}^{q}$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in X_{2}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x,y)=f^{p}(y)$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in X_{1}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x,y)=g^{q}(y)$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in X_{2}$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X_{1} \cup X_{2}=[0,b)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X_{1} \cap X_{2}$\end{document}$ is empty, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\int _{X_{1}}u(x) \,dx =\frac{1}{p}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\int_{X_{2}}u(x) \,dx =\frac{1}{q}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p(x)=r $\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in X_{1}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p(x)=s $\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in X_{2} $\end{document}$.

Look, for instance, to the third expression in inequality ([3.5](#Equ18){ref-type=""}) $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{gathered} \exp \biggl[ \int_{a}^{b} \log \bigl(f_{0}(x)- \bigl\Vert f(x,y) \bigr\Vert _{E^{p(x)}} \bigr)u(x) \,dx \biggr] \\ \quad =\exp \biggl[ \int_{X_{1}} \log \bigl(c_{1}^{p}- \bigl\Vert f^{p}(y) \bigr\Vert _{E^{r}} \bigr)u(x) \,dx+ \int_{X_{2}} \log \bigl(c_{2}^{q}- \bigl\Vert f^{q}(y) \bigr\Vert _{E^{s}} \bigr)u(x) \,dx \biggr] \\ \quad = \exp \biggl[ \log \bigl(c_{1}^{p}- \bigl\Vert f^{p}(\cdot) \bigr\Vert _{E^{r}} \bigr)\frac{1}{p}+\log \bigl(c_{2}^{q}- \bigl\Vert g^{q}(\cdot) \bigr\Vert _{E^{s}} \bigr)\frac{1}{q} \biggr] \\ \quad =\bigl(c_{1}^{p}- \bigl\Vert f^{p} \bigr\Vert _{E^{r}}\bigr)^{1/p} \bigl(c_{2}^{q}- \bigl\Vert g^{q} \bigr\Vert _{E^{s}}\bigr)^{1/q}, \end{gathered} $$\end{document}$$ which is the third expression in ([3.4](#Equ17){ref-type=""}). Even simpler we see that the two first terms in ([3.5](#Equ18){ref-type=""}) coincide with the corresponding terms in ([3.4](#Equ17){ref-type=""}).

If, for instance, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{1}^{p}- \Vert f^{p} \Vert _{E^{r}}=0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{2}^{q}- \Vert g^{q} \Vert _{E^{s}}\geq0$\end{document}$, we have to show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{1}c_{2}\geq \Vert fg \Vert $\end{document}$. For the purpose, we just use Lemma [2.1](#FPar1){ref-type="sec"}, namely $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert fg \Vert _{E}\leq \bigl\Vert f^{p} \bigr\Vert _{E^{r}}^{\frac{1}{p}} \bigl\Vert g^{q} \bigr\Vert _{E^{s}}^{\frac{1}{q}}\leq c_{1}c_{2}. $$\end{document}$$

The proof is complete. □

Remark 3.6 {#FPar15}
----------

1\. Since $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ (a-b)^{r}\geq a^{r}-b^{r} \quad \mbox{when } a>b>0, 0< r< 1, $$\end{document}$$ by putting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a=c_{1}^{p}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b= \Vert f^{pr} \Vert _{E}^{1/r}$\end{document}$, we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigl(c_{1}^{p} - \bigl\Vert f^{pr} \bigr\Vert _{E}^{1/r} \bigr)^{r} \geq c_{1}^{pr} - \bigl\Vert f^{pr} \bigr\Vert _{E}. $$\end{document}$$ Hence, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< r,s <1$\end{document}$, the following chain of inequalities holds: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} c_{1}c_{2} - \Vert fg \Vert _{E} &\geq\bigl(c_{1}^{p} - \bigl\Vert f^{p} \bigr\Vert _{E^{r}} \bigr)^{1/p} \bigl(c_{2}^{q} - \bigl\Vert g^{q} \bigr\Vert _{E^{s}} \bigr)^{1/q} \\ & \geq \bigl(c_{1}^{pr} - \bigl\Vert f^{pr} \bigr\Vert _{E} \bigr)^{1/pr} \bigl(c_{2}^{qs} - \bigl\Vert g^{qs} \bigr\Vert _{E} \bigr)^{1/qs}. \end{aligned} $$\end{document}$$

If we compare inequalities ([3.4](#Equ17){ref-type=""}) and ([3.3](#Equ16){ref-type=""}), we can see that in the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< r,s<1$\end{document}$ inequality ([3.4](#Equ17){ref-type=""}) is better than inequality ([3.3](#Equ16){ref-type=""}). Moreover, since in the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r,s>1$\end{document}$ inequality ([3.6](#Equ19){ref-type=""}) holds in the reversed direction when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r>1$\end{document}$, in the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r,s>1$\end{document}$ inequality ([3.3](#Equ16){ref-type=""}) is stronger than inequality ([3.4](#Equ17){ref-type=""}).

2\. Note that here we do not need the condition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E''=E$\end{document}$ because of Remark after Theorem 4.1 from \[[@CR4]\].

Bellman type inequalities involving Banach function norms {#Sec4}
=========================================================

Our first main result in this case reads as follows.

Theorem 4.1 {#FPar16}
-----------

*Let* *X* *and* *Y* *be measure spaces*, *let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x,y)$\end{document}$ *be a positive measurable function on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X\times Y$\end{document}$ *and assume that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\geq1$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{0}(x)$\end{document}$ *is a function on* *X* *such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{0}^{p}(x)> \Vert f^{p}(x,\cdot) \Vert _{E}$\end{document}$, *where* *E* *is a Banach function space on* *Y* *for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in X$\end{document}$. *Assume that* *E* *has the Fatou property*. *Then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] & \biggl( \int_{X} \bigl[f^{p}_{0}(x)- \bigl\Vert f^{p}(x,\cdot) \bigr\Vert _{E} \bigr]^{\frac{1}{p}} \,dx \biggr)^{p} \\ &\quad \leq \biggl[ \int_{X}f_{0}(x) \,dx \biggr]^{p}- \biggl\Vert \biggl[ \int_{X} f(x,\cdot) \,dx \biggr]^{p} \biggr\Vert _{E}, \end{aligned} $$\end{document}$$ *provided that all integrals exist*.

*If* *E* *is* 1-*concave with constant of concavity* 1, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< p<1$\end{document}$ *or* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p<0$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Vert f^{p}(x,\cdot) \Vert _{E}>0$\end{document}$, *then inequality* ([4.1](#Equ20){ref-type=""}) *holds in the reverse direction*.

Proof {#FPar17}
-----

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\geq1$\end{document}$. We consider the following form of Minkowski's integral inequality: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] & \biggl( \int_{Y} \biggl( \int_{X} f(x,y)u(x) \,d\mu(x) \biggr)^{p}v(y) \,d \nu(y) \biggr)^{\frac{1}{p}} \\ &\quad \leq \int_{X} \biggl( \int_{Y} f^{p}(x,y) v(y) \,d\nu(y) \biggr)^{\frac{1}{p}} u(x) \,d\mu(x) \end{aligned} $$\end{document}$$ for the special case when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Y=Y_{1}\cup Y_{2}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Y_{1}\cap Y_{2}$\end{document}$ is empty, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x,y)=a(x)$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Y_{1}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x,y)=b(x)$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Y_{2}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\int_{Y_{1}}v(y) \,d \nu(y) =\int_{Y_{2}}v(y) \,d \nu(y)=1 $\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u(x) \,d\mu (x)= dx $\end{document}$ and get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\biggl( \int_{X} a(x) \,dx \biggr)^{p} + \biggl( \int_{X} b(x) \,dx \biggr)^{p}\leq \biggl[ \int_{X} \bigl(a^{p}(x)+b^{p}(x) \bigr)^{\frac{1}{p}} \,dx \biggr]^{p}. $$\end{document}$$ We choose $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a(x)= \bigl[f^{p}_{0}(x)- \bigl\Vert f^{p}(x, \cdot) \bigr\Vert _{E} \bigr]^{\frac {1}{p}},\qquad b(x)= \bigl[ \bigl\Vert f^{p}(x,\cdot) \bigr\Vert _{E} \bigr]^{\frac{1}{p}} $$\end{document}$$ and obtain that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{gathered} \biggl( \int_{X} \bigl[f^{p}_{0}(x)- \bigl\Vert f^{p}(x,\cdot) \bigr\Vert _{E} \bigr]^{\frac{1}{p}} \,dx \biggr)^{p} \\ \quad {}+ \biggl( \int_{X} \bigl\Vert f^{p}(x,\cdot) \bigr\Vert _{E} ^{\frac{1}{p}} \,dx \biggr)^{p}\leq \biggl[ \int_{X} f_{0}(x) \,dx \biggr]^{p}:= I_{1}. \end{gathered} $$\end{document}$$

Next, by using ([2.5](#Equ10){ref-type=""}) to the second term in the above inequality, we find that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] I_{1}&\geq \biggl\Vert \biggl( \int_{X} f(x,\cdot) \,dx \biggr)^{p} \biggr\Vert _{E} \\ &\quad {}+ \biggl( \int_{X} \bigl[f^{p}_{0}(x)- \bigl\Vert f^{p}(x,\cdot) \bigr\Vert _{E} \bigr]^{\frac{1}{p}} \,dx \biggr)^{p}. \end{aligned} $$\end{document}$$

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< p<1$\end{document}$, then first we use reverse to inequality ([4.2](#Equ21){ref-type=""}) and then instead of ([2.5](#Equ10){ref-type=""}) we use ([2.8](#Equ13){ref-type=""}) for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$M=1$\end{document}$.

The proof in the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p<0$\end{document}$ is similar. □

Remark 4.2 {#FPar18}
----------

Inequality ([4.1](#Equ20){ref-type=""}) can be written as follows: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{gathered} \biggl( \int_{X} \bigl[f^{p}_{0}(x)- \bigl\Vert f(x,\cdot) \bigr\Vert ^{p}_{E^{p}} \bigr]^{\frac{1}{p}} \,dx \biggr)^{p} \\ \quad \leq \biggl[ \int_{X}f_{0}(x) \,dx \biggr]^{p}- \biggl\Vert \int_{X} f(x,\cdot) \,dx \biggr\Vert ^{p}_{E^{p}}. \end{gathered} $$\end{document}$$

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E=L_{1}$\end{document}$, then we get the result of the first part of the continuous Bellman inequality for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\geq1$\end{document}$ proved in \[[@CR3]\], Theorem 3.1.

Next, we state the following Bellman type inequalities.

Theorem 4.3 {#FPar19}
-----------

*Let* *E* *be a Banach function space*, *let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f,g>0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\geq1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{1}^{p}- \Vert f^{p} \Vert _{E}\geq0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{2}^{p}- \Vert g^{p} \Vert _{E}\geq0$\end{document}$. *Then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bigl(\bigl(c_{1}^{p}- \bigl\Vert f^{p} \bigr\Vert _{E}\bigr)^{1/p} + \bigl(c_{2}^{p}- \bigl\Vert g^{p} \bigr\Vert _{E}\bigr)^{1/p}\bigr)^{p} \leq (c_{1}+c_{2})^{p}- \bigl\Vert (f+g)^{p} \bigr\Vert _{E}. $$\end{document}$$*If* *E* *is an arbitrary* 1-*concave lattice with constant of concavity* 1, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< p<1$\end{document}$ *or* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p<0$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{1},f>0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{1}^{p}- \Vert f^{p} \Vert _{E}>0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{2}>0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g>0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{2}^{p}- \Vert g^{p} \Vert _{E}>0$\end{document}$, *then reverse inequality* ([4.4](#Equ23){ref-type=""}) *holds*.

Proof {#FPar20}
-----

\(a\) In view of Theorem 4.1, from \[[@CR1]\] we have the following variant of Minkowski's inequality: If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\geq1$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \Biggl\Vert \sum_{1}^{n}x_{i} \Biggr\Vert _{E^{p}}\leq\sum_{1}^{n} \Vert x_{i} \Vert _{E^{p}}. $$\end{document}$$

We follow the idea of the proof of Theorem 4.29 from \[[@CR12]\] using the discrete Minkowski inequality $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bigl((a_{1}+b_{1})^{p}+ (a_{2}+b_{2})^{p}\bigr)^{\frac{1}{p}}\leq \bigl(a_{1}^{p}+ a_{2}^{p} \bigr)^{\frac{1}{p}} +\bigl(b_{1}^{p}+ b_{2}^{p}\bigr)^{\frac{1}{p}} $$\end{document}$$ with $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_{1}=\bigl(c_{1}^{p}- \bigl\Vert f^{p} \bigr\Vert _{E}\bigr)^{1/p}, b_{1}=\bigl(c_{2}^{p}- \bigl\Vert g^{p} \bigr\Vert _{E}\bigr)^{1/p}, a_{2}=\bigl( \bigl\Vert f^{p} \bigr\Vert _{E} \bigr)^{1/p}, b_{2}=\bigl( \bigl\Vert g^{p} \bigr\Vert _{E}\bigr)^{1/p}. $$\end{document}$$

We note that the right-hand side in ([4.6](#Equ25){ref-type=""}) is equal to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{1}+c_{2}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(a_{1}+b_{1})^{p}$\end{document}$ coincides with the term on the left-hand side in ([4.4](#Equ23){ref-type=""}) and, by ([4.5](#Equ24){ref-type=""}), $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_{2}+b_{2}= \Vert f \Vert _{E^{p}}+ \Vert g \Vert _{E^{p}}\geq \Vert f+g \Vert _{E^{p}}= \bigl\Vert (f+g)^{p} \bigr\Vert _{E}^{\frac{1}{p}}. $$\end{document}$$ By using these facts and taking *p*th power of both sides in ([4.6](#Equ25){ref-type=""}), we get ([4.4](#Equ23){ref-type=""}).

\(b\) All inequalities above hold in the reverse direction in this case, and the proof follows by just doing obvious modifications of the proof of (a). □

Remark 4.4 {#FPar21}
----------

Note that similarly as in our previous section, Theorem [4.1](#FPar16){ref-type="sec"} in particular means that inequalities ([1.3](#Equ3){ref-type=""}) and ([1.4](#Equ4){ref-type=""}) hold also if '\>' in the statements of these inequalities are replaced by '≥'.

Direct and reverse Beckenbach-Dresher type inequalities involving Banach function norms {#Sec5}
=======================================================================================

The following result concerning Beckenbach-Dresher's inequality was announced in \[[@CR13]\]. For completeness, we give here also the proof.

Theorem 5.1 {#FPar22}
-----------

*Let E*, *F be Banach function spaces with the Fatou property*. *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< u<1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< p,q\leq1$\end{document}$ *and* *E* *is* 1-*concave with constant of concavity equal to* *M*, *F* *is* 1-*concave with constant of concavity equal to* *N*, *then the inequality* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{ \Vert \int_{X} f(x,\cdot) \,dx \Vert _{E^{p}}^{u}}{ \Vert \int_{X} g(x,\cdot) \,dx \Vert _{F^{q}}^{u-1}}\geq C \int_{X}\frac{ \Vert f(x,\cdot) \Vert _{E^{p}}^{u}}{ \Vert g(x,\cdot) \Vert _{F^{q}} ^{u-1}} \,dx $$\end{document}$$ *holds with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C=M^{-u}N^{u-1}$\end{document}$, *providing all above integrals exist*.

*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u>1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$q\leq1\leq p$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$q\neq0$\end{document}$ *and* *F* *is* 1-*concave with constant of concavity equal to* *N*, *then inequality* ([5.1](#Equ26){ref-type=""}) *holds in the reverse direction with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C=N^{u-1}$\end{document}$.

*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u<0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p \leq1\leq q$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\neq0$\end{document}$ *and* *E* *is* 1-*concave with constant of concavity equal to* *M*, *then inequality* ([5.1](#Equ26){ref-type=""}) *holds in the reverse direction with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C=M^{-u}$\end{document}$.

Proof {#FPar23}
-----

In the proof we will use ([2.5](#Equ10){ref-type=""}), ([2.8](#Equ13){ref-type=""}) and Hölder's or reverse Hölder's inequalities.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< u<1$\end{document}$, *E* be 1-concave with constant of concavity equal to *M*, and let *F* be 1-concave with constant of concavity equal to *N*. Then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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Remark 5.2 {#FPar24}
----------
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Next we state a kind of reverse version of Theorem [5.1](#FPar22){ref-type="sec"}, reversed in the same way as Popoviciu's and Bellman's inequalities may be regarded as reversed versions of Hölder's and Minkowski's inequalities, respectively.

Theorem 5.4 {#FPar26}
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Proof {#FPar27}
-----

In the proof we use Theorem [4.1](#FPar16){ref-type="sec"} and then Hölder's inequality. Denote $$\documentclass[12pt]{minimal}
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Concluding results {#Sec6}
==================

Popoviciu type result in the case of infinite interpolation families {#Sec7}
--------------------------------------------------------------------

The result of this subsection was announced in \[[@CR13]\] but here we give all the details.
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Proposition 2.4 from \[[@CR15]\] says that, for each $\documentclass[12pt]{minimal}
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In such terms we are now ready to formulate the following general Popoviciu type inequality.

### Theorem 6.1 {#FPar28}
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### Proof {#FPar29}

Having in mind inequality ([6.1](#Equ29){ref-type=""}), we find that $$\documentclass[12pt]{minimal}
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Connection to Milne's inequality {#Sec8}
--------------------------------
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Consider Milne's inequality \[[@CR17]\] $$\documentclass[12pt]{minimal}
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It is easy to see that this inequality is stronger than ([6.2](#Equ30){ref-type=""}).

In fact, we can use Hölder's inequality here too and get $$\documentclass[12pt]{minimal}
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